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Abstract

We study equilibrium membership of an international agreement aimed to increase the stock
of a global public good in a continuous-time game where, at each point in time, countries make
two sequential decisions: participation in the agreement and contribution to the public good.
We depart from the existing literature by assuming partial rather than full cooperation among
participating countries. We prove existence and uniqueness of equilibrium membership and
contribution to the public good and study, among other things, how a decrease in the coeffi-
cient of cooperation impacts on the equilibrium. We show that the coalition size can be large,
thus challenging the conventional wisdom according to which, under full cooperation, only small
coalitions can be stable. In contrast with previous studies, we also show that the coalition size
can be increasing over time, even when coalitions are small. We highlight a novel trade-off be-
tween agreements that are narrow-but-deep-and-long-lived vs broad-but-shallow-and-short-lived.
In the case of a time horizon that is sufficiently long, loose cooperative agreements, which are
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agreements, which are narrow-but-deep-and-long-lived. Conditions exist under which the equi-
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1 Introduction

Many public goods are funded predominantly through voluntary contributions. This is especially
the case for global public goods such as climate change mitigation, widespread peace, financial
stability, and global public health.! In the case of global public goods, international cooperation
is needed for the attainment of an efficient outcome. However, experience from climate change
policy indicates that full cooperation among all countries is hard to achieve.? Partial cooperation
seems to be a more realistic prospect due to conflicting national interests, disagreements on what
constitutes a fair burden, and a general distrust among countries.

Most of the literature on international agreements (e.g. Hoel, 1992; Carraro and Siniscalco,
1993; Barrett, 1994; Rubio and Ulph, 2007; Eichner and Pethig, 2013; Battaglini and Harstad,
2016; Karp and Sakamoto, 2019), assumes that signatory countries agree to "give up their own self
interest" and act in a way to maximize the sum of all members’ utilities.> A robust theoretical
result in this literature is that the equilibrium coalition size is very small (except possibly when the
potential benefits of cooperation are also small). This theoretical result is only partly supported
by the fact that, in reality, proposed agreements that prescribe full cooperation (e.g. the Kyoto
Protocol) often fail to attract a sufficient number of truly committed signatories: the pessimistic
conclusion reached in the literature under the assumption of full cooperation that only agreements
involving a very limited number of countries are stable (in the sense of self-enforcing) seems too

pessimistic. Many real-world coalitions can be quite large.*

"Problems concerning voluntary provision of public goods have received a lot of attention in the literature. Classical
references on voluntary provision of public goods include Chamberlin (1974), Morrison (1978), Bergstrom at al.
(1986), Bernheim and Douglas (1986), Cornes and Sandler (1986), and Andreoni (1988). On the voluntary provision
of public goods in dynamic settings see Fershtman and Nitzan (1991), Wirl (1996), Marx and Matthews (2000), Itaya
and Shimomura (2001), Yanase (2006), Long and Shimomura (2007), Benchekroun and Long (2008), Fujiwara and

Matsueda (2009), Battaglini et al. (2014), Georgiadis (2015, 2017), and Bowen et al. (2019), inter alia.
2For example, the Kyoto Protocol, which was adopted in 1997 and entered into force in February 2005, in its

attempt to achieve a global agreement on the actions to take to reduce greenhouse gas emissions was a failure.
Although it was signed by 178 countries, only a small number of countries were required to reduce emissions in the

first phase. The second phase specified targets for 37 countries, but so far only seven have ratified.
3 A variation to the standard setup is considered in Buchholtz et al. (2014). Specifically, this paper analyzes a

model in which there are two different groups of countries. One is a coalition of like-minded cooperating countries
whose members are mutually matching their public good provision, and the other consists of outsiders which - without

any matching - act non-cooperatively playing Nash against the coalition.
4The inability of the theory of international cooperation to explain observed large coalition sizes is referred to



In the realm of climate change policy, it has recently been recognized that full cooperation
could be less efficient than partial cooperation. A distinctly different approach from the "top-
down" approach characterizing the Kyoto Protocol was taken at the Paris International COP21
Conference on Climate Change in 2015: countries agreed on an overall objective of limiting global
warming to 2 degrees C relative to the pre-industrial temperature, but no country was required to
set a specific target by a specific date. Indeed, unlike the Kyoto Protocol, the Paris Accord does
not insist on the coordination of climate actions among signatories: instead of setting commitments
through centralized bargaining, the "bottom-up" approach of the Paris Accord allows countries to
make their own commitments. There were some indications that this form of loose agreement, by
attracting more participants, could turn out to be more effective in reducing emissions than the
Kyoto Protocol.”

Previous studies on international agreements seem to have been overoptimistic in assuming away
all obstacles that are typically observed in international negotiations, reaching an overpessimistic
conclusion. In this paper, we propose and analyze a full-fledged continuous-time game of voluntary
provision of a global public good with endogenous number of contributors that departs from the
existing literature in a fundamental way. Instead of assuming full cooperation, we assume partial
cooperation among signatory countries: each signatory country agrees to maximize a weighted
sum of utilities of all members rather than the sum of utilities of all members. In this respect,
our approach shares some features with that taken by Harstad (2020a), who shows that each
contribution to a public good maximizes an asymmetric Nash product where the weight on others’
payoffs is smaller than in the Nash Bargaining Solution. We believe that, with the exception of
those situations characterized by negligible conflicts among nations, partial cooperation is a better

description of reality than full cooperation. We model partial cooperation by using a coefficient of

as a "paradox" by Kolstad and Toman (2005) and Nordhaus (2015). A solution to this paradox can be found in
the presence of policy makers’reelection concerns (Battaglini and Harstad, 2020) or when parties are troubled by
time inconsistency (Gerlagh and Liski, 2018; Harstad, 2020c¢). Other solutions to the above paradox are discussed in
Rubio and Ulph (2006), allowing for Stackelberg leadership in the contribution stage, and in Finus and Maus (2008),

considering a modesty parameter.
®The reactions of the stock markets after the Paris Agreement was reached could be one such indication. Renewable

energy share prices rose after the Paris Agreement. The iShare Global Clean Energy Exchange Trade Fund rose by
1.4% and the MAC Global Solar Energy index rose by 1.9%. Stock prices of coal companies fell sharply (11.3% for
Peabody Energy, 4.9% for Consol Energy Inc.). The U.S. oil and gas index dropped by 0.5%. See Mukanjari and
Sterner (2018), van der Ploeg and Rezai (2019).



cooperation ranging from zero to one, zero corresponding to Nash behavior, and one corresponding
to full cooperation (see Cyert and deGroot, 1973).° For every interior values, countries place a
lower weight on the interest of others. As pointed out in Harstad (2020b) with reference to the
Paris Accord: "Scholars and observers naturally expect a party’s contribution to reflect that party’s
own interests to a larger extent, and the interests of other parties to a lower extent". Our modelling
approach makes it possible to compare a Kyoto-style agreement, with a coefficient of cooperation
close to one (meaning that countries are not allowed to place a lower weight on the interest of
others) and a Paris-sytle agreement, with a coefficient of cooperation significantly lower than one
(meaning that countries are allowed to place a lower weight on the interest of others).

The dynamic game at hand consists of a sequence of two-stage games. At each point in time
there are two stages: (i) a participation stage; (ii) a contribution stage. In (i), each country chooses
independently and noncooperatively whether or not to participate in an international agreement,
for instance, an international environmental agreement aimed to tackle global warming, or an
international agreement for global health security. We use the stability concept that is widely used
in the literature on international environmental agreements (e.g. Rubio and Ulph, 2007; de Zeeuw,
2008).” In (ii), each signatory country contributes to the public good the amount that maximizes
its own utility plus a fraction (the coefficient of cooperation) of all the other members’ utilities; each
non-signatory country behaves as a Nash player by contributing to the public good the amount
that maximizes its own utility. Countries are free to join or leave the agreement at any point in
time.

Our equilibrium concept is Markov Perfect Equilibrium. Countries condition their participation
to time and the current stock of public good, and their contribution to the vector of participation
decisions, time, and the current stock of public good. We assume symmetry among countries within
the same group, either the group of signatories or the group of non-signatories. We prove equilibrium

existence and uniqueness. If the time horizon is finite (resp. infinite) then the equilibrium size of the

5The assumption of full cooperation is relaxed also in Hoel and de Zeeuw (2014). They condider a three-stage
game with a participation stage (Stage 1), an R&D stage (Stage 2), and an emission stage (Stage 3). They assume

cooperation in Stage 2 but no cooperation in Stage 3.
"Rubio and Ulph (2007) and de Zeeuw (2008) build on earlier works on cartel stability in oligopolistic markets by

d’Aspremont et al. (1983), and on earlier works on international environmental agreements by Carraro and Siniscalco
(1993) and Barrett (1994). On the stability of oligopolistic cartels and international environmental agreements see

also Diamantoudi (2005) and Diamantoudi and Sartzetakis (2015), respectively.



agreement increases (resp. is constant) over time. In equilibrium, signatory countries continuously
contribute to the public good until a certain (endogenously determined) point in time is reached,
beyond which an agreement among contributing countries cease to exist; non-signatory countries
free-ride on the contributions made by the coalition. In a comparison with social optimum, we show
that the equilibrium duration of the agreement is shorter than socially desirable, unless countries
fully cooperate. Since participation in an international agreement takes place on a voluntary basis,
when the agreement is "too demanding", in the sense that it specifies joint utility maximization
or a behavior close to it, participation is weak. When, instead, the agreement specifies a low
coefficient of cooperation, participation is strong. In this case, the equilibrium coalition size can

8 Intuitively, when the agreement is

be large. This is one of the key findings of our analysis.
such that a country can place a lower weight on the interest of others, it is not that costly for a
country to participate, and this explains why the equilibrium coalition size is larger than in the
case in which the agreement specifies joint-utility maximization. In the context of international
environmental agreements, the trade-off between agreements that are narrow-but-deep vs. broad-
but-shallow has been extensively studied (e.g. Schmalensee, 1998; Barrett, 2002; Aldy et al., 2003;
Finus and Maus, 2008; Harstad, 2020b). We contribute to this stream of literature by showing how
a change in the coefficient of cooperation impacts on equilibrium membership. To our knowledge,
the coefficient of cooperation has not been considered in the literature prior to our paper, neither
in static nor in dynamic models. Even more importantly, we add a third dimension, the time
dimension, to the classical trade-off between agreements that are narrow-but-deep vs. broad-
but-shallow, thus enriching the comparative analysis of international agreements. We highlight a
novel trade-off between agreements that are narrow-but-deep-and-long-lived vs broad-but-shallow-
and-short-lived. We show that loose cooperative agreements are broad-but-shallow-and-short-lived
in that they imply strong participation but low cooperation and short duration, whereas tight
cooperative agreements are narrow-but-deep-and-long-lived in that they imply weak participation
but high cooperation and long duration. Our finding that small coalitions can be long-lasting is in
contrast with previous studies on dynamic voluntary provision of public goods, which predict that
agreements will be long-lasting if and only if the coalition is large (e.g. Battaglini and Harstad,

2016; Karp and Sakamoto, 2019; Kovdc and Schmidt, 2019). In the case in which the time horizon is

# A similar result is obtained in Karp and Simon (2013). They develop a non-parametric approach and, keeping the
assumption of full cooperation, they show that the conventional wisdom according to which the equilibrium coalition

size is small is not robust. We reach a similar conclusion, but our approach is different.



sufficiently long, we demonstrate that loose cooperative agreements are superior to tight cooperative
agreements in terms of discounted welfare. To our knowledge, this is a novel result in the literature.”
The policy implications of this result are clear: international agreements aimed at maximizing the
welfare of its members as well as global welfare should be designed in a way to give more weight
to individual rather than collective rationality. Relying exclusively on collective rationality usually
leads to very small coalitions and inefficient outcomes.

The remainder of this paper is organized as follows. The game theoretical model is laid down
in Section 2. Sections 3 derives the social optimum. Section 4 characterizes the equilibrium of the

game. Section 5 provides a welfare analysis. Section 6 concludes.

2 The Game

The game is specified in continuos time. Time is denoted by ¢ € [0,7). There are n > 2 a priori
identical countries. At each ¢t € [0,T), countries make two sequential decisions: whether or not
to participate in an international agreement aimed to increase the stock of a global public good
(such as climate change mitigation), and how much to contribute to the public good. For all coun-
tries, participation decisions are made independently and noncooperatively; for each participating
country, contribution levels are jointly decided by all participants, with the aim of maximizing
the discounted value of a weighted sum of utilities of all participants, whereas non-participating
countries decide how much to contribute independently and noncooperatively, each with the aim
of maximizing its own discounted utility. The agreement exists until time T < T, with T being
endogenously determined. A country’s decision to join the agreement at any ¢y € [0, f> has to be
rational at that time (in terms of discounted sum of utilities), but it may become irrational for a
country to remain in the agreement at ¢t € [0, f}, with £; > tg. Similarly, a country’s decision to
stay out of the agreement at any ¢y € [0, f> has to be rational at that time; joining the agreement

may become rational at t; € [0, f}, with ¢1 > tg. For the sake of simplicity, we assume that coun-

9Keeping the assumption of full cooperation, the possibility that a change that makes an international environ-
mental agreement more efficient can lower welfare by lowering equilibrium membership is also discussed in Battaglini
and Harstad (2016), who show that the ability of coalition members to contract on both investment and emissions
lowers welfare relative to the case where members can contract only on emissions. In our paper, a change that makes
an international agreement more efficient (for a given size) is represented by greater cooperation among coalition

members.



tries are free to join or leave the agreement at any ¢ € [0, f> without having to pay any additional
entry/exit cost. Let m(t) < n denote the number of signatories at ¢t (n — m(t) denotes the number
of non-signatories); signatories are denoted by the index ¢ = 1,...,m, and non-signatories by the
index j. For each country, the utility is linear in the stock of public good, K (t).! Without any
loss in generality, we normalize the benefit of each unit of additional K to 1. The public good is
entirely financed with countries’ contributions, with x(¢) denoting country k’s contribution at ¢,
k = i,j. Each country’s total cost of contributing is czy(t), with ¢ > 0. Further restrictions on
¢ will be specified later on (see Assumption A2). The restrictions imposed on xy(t) are given in

Assumption Al.
Assumption Al: zx(t) € [0,1] for all ¢ € [0,T).

Al implies that each county’s contribution cannot be negative and cannot exceed its maximum
capacity, normalized to 1 throughout the game.
When country 4 participates in an international agreement, we distinguish its material payoff

from its objective function. Its instantaneous material payoff is
u; (t) = K (t) — cz; (1), (1)

and its instantaneous objective function is given by v;(t) as defined below

m(t)

vi () = wi () + ¢ Y (b)), (2)
ki

where uy (t) is defined analogously to (1) and ¢, € [0, 1] denotes the coefficient of cooperation (see
Cyert and deGroot, 1973), the weight that country ¢ places on country k’s utility when making
decisions, with i,k = 1,...,m(t), k # 4 (i.e. country k is a signatory country other than 7).!! Note
that ¢, = 1 means that country ¢ fully internalizes the benefit that its contribution x; confers on
all other signatories. Therefore ¢; = 1 corresponds to the case of full internalization (joint utility
mazximization), whereas any ¢; € (0,1) describes partial internalization. When ¢, = 0, countries

act noncooperatively. We assume that ¢, = ¢ for all ¢ = 1,...,m(t), and that ¢ is specified by the

10T his assumption is common in the literature on voluntary provision of public goods (or, equivalently, abatament

of public bads). See, for instance, Barrett (1999), Hong and Karp (2012), and Battaglini et al. (2014).
"'The coefficient of cooperation was called the coefficient of "effective sympathy" by Edgeworth (1881).



agreement.'? Those countries entering an agreement contribute to the public good so as to maximize
(2). For agreements specifying a high ¢ we use the expression tight cooperative agreements;
for agreements specifying a low ¢ we use the expression loose cooperative agreements.

The instantaneous objective function of country j (a non-signatory) is given by

uj (t) = K (t) = cz; (1) 3)

The main difference between (2) and (3) is that while signatories agree to cooperate (for any
¢ € (0,1]), non-signatories choose to act in isolation.

The evolution of the stock of public good is governed by the following differential equation:

dK (1)
dt

=X (t), K(0) =Ko >0,

where X (t) denotes the sum of all contributions at t.

Country 4’s contribution is specified by the agreement and solves the following problem:

T

max J; = /e_rtvi (t)dt
l’l(t) 0

s.t. z;(t) € [0,1] and d[;gt) =z (1) + X (t),

(4)

where r > 0 is the discount rate and X_; the sum of all contributions except the contribution made
by country 1.
Country j’s contribution solves the following problem:

T

max.J; = /e"’tuj (t)dt
;j(t) J

s.t. xzj(t) € [0,1] and d{gt(t) =, (t)+X_;(t),

where X_; denotes the sum of all contributions except the contribution made by country j.

We are interested in characterizing a Markov Perfect Equilibrium of the dynamic game at hand.
We assume that strategies are of the Markovian type: countries condition their participation to
time and the current stock of public good, and their contribution to the vector of participation
decisions p(t) = {pi(t),...,pn(t)}, where p, € {in,out}, with z = 1,...,n, time, and the current

stock of public good. We consider strategies of the form: p,(t) = ¢ ,(K,t), where 1, denotes the

2The usual assumption in the coalition literature is that ¢ = 1, i.e. each member fully takes into account the
welfare of all the other members. For recent applications of the coefficient of cooperation to environmental economics

and industrial organization see Colombo and Labrecciosa (2018) and Lopez and Vives (2019), respectively.



decision rule, with z = 1,...,n, and x(t) = o (K, t,p(t)), where o denotes the decision rule, with
k = 1,7, (i.e. we assume symmetry among countries within the same group, either the group of
signatories or the group of non-signatories).

In order to sharpen our results, we make the following assumption:
Assumption A2: c € (¢, ¢), with c=1/r and ¢ = n(1 — e~ ") /r.

Our specification that ¢ > ¢ implies that for a country acting in isolation (i.e., not participating
in the agreement) providing the public good will not be rational in equilibrium. The second
specification, that ¢ < ¢, implies that it is socially desirable (in terms of sum of utilities for all
countries) that all countries contribute, at least in the short run.

For future reference, we define global welfare at ¢,
w(t) =nK (t) —c [mxf (t) + (n —m)x; (t)] ,

which can be used to compute discounted global welfare,

T
W = /ertw (t)dt. (6)
0

3 The Social Optimum Benchmark

In this section, we derive the socially optimal level of contributions to the public good. The socially
optimal solution will be used as a benchmark against which comparing the equilibrium of the game.

The social planner’s problem can be written as
T
max W = /e‘” [nK (t) — cX(t)] dt
A ™)

s.t. X € [0,n] and B0 — x (¢),

and the corresponding HJB equation is given by

B oV (K,t) oV (K, t)
TV(K,t)—XHel%ﬁL]{anX+ DK X + Y : (8)
Maximization of (8) implies that!3
OV (K1)

nif =5~ > ¢
X* — oK = (9)

0 otherwise.

13We assume that if % = ¢ then the social planner will use the tie-breaking rule that X™ = sup [0, n].



Assume that V(K,t) = A(t)K + B(t) and that A(t) > ¢. From (8), it follows that
0A(t) 0B (t)
T

r[At)K + B(t)] =n[K —c+ A(t)] +

which implies that
n [1 - eT(t_T)]

AM)=—1—
and that -
B(t):n{e {CT—FR[T(:Q_T)_H}—CT—FTL}’

where we have used the boundary condition A (T') = B (T') = 0. Since A (t) is decreasing in ¢, then
A(t) > cfort € [0,T), with T solving A (t) = ¢. Note that the highest value that A (t) can assume
is n(1 —e~"T)/r. By Assumption A2, we have A (0) > ¢. In the long run (¢t > T), X* (K) = 0.
From (8), it follows that

oty 220

which implies that A (¢) is as in the short run (¢ < T), while B (t) = 0.

r[A(t)K + B(t)] = nK +

The above discussion yields the following proposition.

Proposition 1 The socially optimal level of contributions to the public good is given by

n fortec O,T
N R
0 otherwise,
with

- 1
T:T—i—flog(l—g) <T.
T n

Proposition 1 establishes that it is socially desirable to stop contributing after time T: when
the terminal date approaches, the shadow price of the public good becomes smaller than the cost

of contributing.

4 The Equilibrium of the Game

The game at hand consists of a sequence of two-stage games. At any ¢t € [0,7'), there are two stages:
(i) a participation stage; (ii) a contribution stage. We proceed as follows: first, we determine the
contribution levels at ¢ for a given number of participants; then, we endogenize the number of
participants at ¢; finally, we check whether the equilibrium conditions for the two-stage game at
t are satisfied for all two-stage games, i.e. for all t € [0,T), or they are satisfied only for a time

interval within [0, 7).

10



4.1 The Contribution Stage at ¢

By standard arguments, MPE strategies have to satisfy the following HJB equations:

m(t)
7 K7
ViK1 = max AK—cnitd S (K - con(K t,p(e))] + 2D
a:ie[(),l] ki k=1 aK
m(t) n
oV; (K, t
xzi+ Y on(Kt,p@)+ Y oj(K.t,p(t) +# » 10
ki k=1 j=m(t)+1
and
ovi (k,t),
Vi (Kt) = max K—Cxﬁa*f([xﬁ;w(faupu»
n—1
oV, (K, t)
K S 11
+ Y. o LpM)+ 5 (11)

k+j,k=m(t)+1

with i = 1,...,m(t), j = m(t) + 1,...,n. Maximization of (10) implies that!'*

1if Q) >
xf = oK = (12)
0 otherwise,

whereas maximization of (11) implies that!®

. V(K .t)
1if =L > ¢

x} = ok = (13)
0 otherwise.

The (Stage 2) equilibrium payoff of country ¢ is given by

T
/e‘T(S_t) [Kz*] (t) — c} ds if 76‘%([}((’0 ,a%é([[({7t) >c
t
T
/ D) (K7 (t) — o] ds if 24D 5 o VU
. nm) = "
/ o) [ (1)] ds i 24K < ¢ PGUED 5
t
T
/ e[| (1)] ds if 2t ONULD
t

MWe assume that if % = ¢ then signatories will use the tie-breaking rule that z;j = sup [0, 1].

15We assume that if % = ¢ then non-signatories will use the tie-breaking rule that = sup [0, 1].

11



and that of country j by

T
/e—r(s—t) [KZ} (t) — c} ds if ViU Vi(K.t) > ¢

0K ° 0K

efr(sft) [Kz* (t)] ds if 6Vg([l{(,t) > ¢, 8\/}5([1{(,1%) <ec

IL;(K,t;m) = (15)

e "(st) [K]* (t) — c} ds if avg(g’t) < e 8‘%(}1((@ >c

e—T(S—t) [K* (t)] ds if 6V28(II((,t) f?Vj@(f(ﬂk) <e

T e— T T— T T

where KJ; (), K7 (t), K (t) and K* (t) denote the trajectories of K when all countries contribute,
only signatories contribute, only non-signatories contribute, and no countries contribute, respec-
tively: K7; (¢) solves dK/dt = n, K} (1) solves dK/dt = m(t), K7 (t) solves dK/dt = n —m(t), and
K* (t) = K.

4.2 The Participation Stage at ¢

In equilibrium, two groups of players can be identified: a group G1(t) consisting of m(t) signatories
(where m(t) is endogenously determined), and a group Ga(t) consisting of n—m(t¢) non-signatories.
For a (Stage 1) equilibrium with m(t) signatories to exist it must be that eachi € G1(t) has no
unilateral incentive to deviate and join G(t), and each j € Ga(t) has no unilateral incentive to

deviate by joining G1(t). Formally, for each i € G1(t), it must hold that

IL; (K, t;m) > 10 (K, t;m — 1), (16)
and for each j € Ga(t), it must hold that

II; (K, t;m) > 1I; (K, t;m + 1), (17)

for all K > 0 and ¢t € [0,7). Inequality (16) states that, for a participating country, it must be
individually rational to participate in the agreement (in which case the total number of partic-

ipating countries is m) rather than acting in isolation.' We will refer to condition (16) as the

"“The agent assumes that if it leaves group G to join group Gz, then (i) the number of signatories will become
m — 1, i.e., the other m — 1 signatories stay in G1; and (ii) the remaining signatories will adjust their contribution

level to the Nash equilibrium level with m — 1 signatories.

12



contributor-rationality condition. (16) corresponds to the internal stability condition in the
coalition literature.

Inequality (17) states that, for a non-signatory, it must be better to stay out of the agreement
rather than joining group Gi(¢) (in which case it assumes that the number of signatories becomes
m —+ 1, and that all of them contribute at their new symmetric Nash equilibrium level with m +
1 signatories). We will refer to condition (17) as the free-rider-rationality condition. (17)
corresponds to the external stability condition in the coalition literature. In line with the bulk of
the literature, we assume that (17) needs to hold with strict inequality sign, i.e. a country which

is indifferent between joining and not joining will join.

4.3 Equilibrium Characterization

Proposition 2 Ifc<¢€ [c,7,

[ (n—1)+1] (1 — e_TT)

c= ,

r

then, for all t € [0, f>, there exists an agreement among m* (t) countries contributing to the public

good which is unique, with

1
m*(t):f<1+¢<166:(t71)_1>> <mn,

where f(x) is the smallest integer larger than or equal to x, and

~ 1 cr
T=T+ =1 1l | <T.
+r0g< 1+¢(n—1)>_

The equilibrium level of contributions to the public good is given by

m* (t ort e O,f
| @ pricn)
0 otherwise.

Proof. The proof proceeds in three steps. In Step 1, we derive the (Stage 2) value functions and
equilibrium payoffs. In Step 2, we prove that m*(¢) given in Lemma 1 is an equilibrium. Then, in

Step 3, we show that it is unique.

Step 1. Assume Vi (K, t) = Ax(t)K + By(t), with k = 4, j, and Ax(T) = B(T) = 0. There are

four sub-cases to consider:

13



Vi(K.t) AV;(K,t)

la. =5, —55~ = c. In this sub-case, ] = :E; = 1. Value functions for the signatories are
given by
Vi=A;(t) K+ B;(t),

where s

d(m—1)+1] (1 —et-T

Ay = om0+ )
r
and
[p(m—1)+1]{e D {er+nfr(t—T)—1}+(n—cr)}

and value functions for the non-signatories are given by
Vi=A;(t) K+ B;(t),

where

and

N Ler 4nfr(t—T) 1]} + (n—cr)

Bj(t) = >

Since by assumption % < c then A; (t) < c implying that sub-case la does not exist.

oV; (K, t)

1b. % > c, 6K < c. In this sub-case, 7 = 1 and x;‘ = 0. Value functions for the

signatories are given by

Vi=A;(t) K+ B;(t),
where A; (t) is as in sub-case la, and

B; (t) _ [¢ (m — 1) + 1] {eT(t—T) {cT +T72n [7“ (t — T) — 1}} + (m - CT‘)}’

and value functions for the non-signatories are given by
V= A (0K + By (1),

where A; (t) is as in sub-case la, and

B; (1) = m {eT(t_T) [r (1;2— T)-1]+ 1}.

[p(m—1)+1](1—e"=))

T

This sub-case exists When% < c and > c¢. The first inequality is satisfied

by Assumption A2; the second inequality holds true if m > m* (¢), with m* (¢) given in Lemma 1.
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The (Stage 2) equilibrium payoffs are given by
Hi — %|¢:07

and

1c. kD c, % > c. In this sub-case, 7 = 0 and z} = 1. Value functions for the
signatories are given by

Vi=A;,(t) K+ B;(t),

where A; (t) is as in sub-case la, and

(n—m)[p(m—1)+1] {er(t_T) [r(t—T)—1]+ 1}

B; (t) - r2

and value functions for the non-signatories are given by
Vi=A;(t)K+B;(t),

where A; (t) is as in sub-case la, and

e"@T) Ler 4 (n —m) [r(t—T)—l]}%—n—m—cr'

Bj(t) =

[p(m—1)+1](1—ert—T)) 1_er(t=T)
<cand —~—

This sub-case exists when -

> ¢ which is impossible.

1d. 8‘%(][((’0, 8‘%&?’” < c. In this sub-case, z} = 2% =

J

0. Value functions for the signatories are
given by
Vi=A;(t) K+ B;(t),

where A; (t) is as in sub-case la, and

B;(t) =0,

and value functions for the non-signatories are given by
Vi=A; () K+ B;(t),

where A; (t) is as in sub-case la, and

B; () = 0.
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[plm=1)+1)(1-e7))

This sub-case exists when -

< ¢, which is the case if m < m™* (t), with m* (¢)

given in Lemma 1. The (Stage 2) equilibrium payoffs are given by
Hi — Vti’¢:07

and

To sum-up, only sub-cases 1b and 1d are possible, and the (Stage 2) equilibrium payoffs turn

out to be (K—c)—e""" D {r(K—c)+m[r(T—t)+1]}
m~4r(K—c)—e" ") {r(K—c)+m|r(T—t)+ T
11, (K, t; m) = (1767-(t—T))K r A forte [07 T>
B forte(T,T)
and

L (Kt m+rK—eT<f*T){:§<+m[r(T—t)+1]} for t € [O,T\)
j y L3 ) = _r(t=T) —
Q=K ot e (T, 7).

s

Step 2. Consider first the case where

15 (=fen 1)) <0

so that there are m* < n members. From (16) and (17), we have that m* is an equilibrium if

m* 417 (K —¢)— e D {r (K —¢) +m*[r (T —t) + 1]}

Hi (Kvta m*) =

2
> 10, (K, t;m* — 1) = O_ei_T))K (18)
and
I, (K, t;m*) = m* +rK — e't=1) {rfg +m*[r (T —t)+ 1]}
> IL (K, t;m* +1) = el T(KTQ_ et ?
x{r(K —c¢)+(m"+1)[r (T —t)+1]}. (19)

Inequality (18) can be rewritten as

"N Ler —m* 1 (T —t) + 1]} + m* —cr

>0
r2 -

)

II; (K, t;m") — 11 (K, t;m* — 1) =

which is decreasing in ¢ for m* > ¢/(T —t) and nil at t = T. m* — ¢/(T — t) is increasing in ¢, and

nil at ¢ = ¢q, with
(1—¢) (T —1t) (1) —1) 1
p(1—ertD) —p(T—t) 7

C1 =
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Recall that ¢ > 1/r by Assumption A2. Therefore, m* > ¢/(T'—t). This proves that II; (K, t;m*) >
Hj (K,t;m* - 1).
Inequality (19) can be rewritten as

DN —r(c+t—T)+er—1
2 )

Hj (K,t;m*) — Hi (K,t;m* + 1) =
which is increasing in ¢ and nil at ¢ = cg, with

1 1 1
CQ:(T—t) <1+e7"(t_T)—1)+7"<.

Therefore, I1; (K, t;m*) > II; (K, t;m* 4+ 1).

Consider next the case where

1 cr
103 (1) -

so that there are m* = n members. From (16) we have that m* = n is an equilibrium if

n+r(K—c)—e@N{r(K—c)+nr(T—t)+1]}
(1—erTY K

r

Hi (Kat;n) =

> I (K, t;n—1) = (20)

By the same logic as that used to prove that m* > ¢/(T'—t) we have that IT; (K, t;n) > II; (K, t;n — 1).
Since m* = n, the free-rider-rationality condition does not apply. Note that when m* = n the equi-

librium level of contributions is nil.

Step 3. Consider m* + 1 members, with m* < n — 1. We have that m* 4+ 1 is an equilibrium if

m* +14+7r(K—c)—e @D {r(K—c)4+ (m*+1)[r (T —t)+1]}
)
m* +rK — "D {r K +m* [r (T —t) + 1]}

I1; (K,t;m*+1) =

> Hj (K,t;m*) =

r
which can be rewritten as

r(t—T) _ 11
e [r(c+t—-T)—1] cr+120‘

Hi(K,t;m*+1)ij(K,t;m*): 3
r

Since ¢ > 1/r by Assumption A2 then II; (K, ¢t;m* + 1) < II; (K, t;m*) implying that m* 4 1 does
not satisfy the contributor-rationality condition: the extra member would find it rational to leave.
Analogously, consider m* + k, with £ > 1 and m* < n — k. We have

Hi(K,t;m*—l—k‘)<H]~(m*+k—l).
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Hence, any outcome with more than m* < n members does not satisfy the contributor-rationality

condition. Consider now m* — 1 members, with m* < n. We have

1— r(t—T) K * K — _ r(t=T)
H]’(K,t;m*—l) = (674)<Hi(K>t;m*):m +T( T.QC) :

x{r(K —c)+m*[r(T —1t)+1]}.

Therefore, m* — 1 does not satisfy the free-rider-rationality condition: the first excluded member

would find it rational to join. Finally, consider m* — k, with £ > 1 and m* < n. We have

_ er(t—T)) K (1 _ er(t—T)) K

1
Hi(K,t;m*—k):( =1 (K, t;m* —k—1) =
,

r
Under the tie-breaking assumption that a country which is indifferent between joining and not
joining will join any outcome with less than m* < n members does not satisfy the free-rider-
rationality condition. We can then conclude that there exists a unique m*, with m* given in

Lemma 1.

It is immediate to verify that T is the value of ¢ that solves

1 cr
1+¢<1—6M_1>:n’

and that T € (0,T) for ¢ < & For ¢ > ¢ we have either T < 0 or T ¢ R. As a consequence, since

[ (n—1)+1] (1 — er(t_T))

r

<ec,

then m* (t) =n and X*(¢) =0forallt € [0,7). m

Proposition 1 derives the threshold of ¢ below which there exists an agreement among m*
countries contributing to the public good. Such a threshold is increasing in ¢, n, T', and decreasing
in r, implying that the likelihood of cooperative agreements to exist is higher the tighter the
agreement (i.e., the higher ¢), the higher the number of countries which could potentially participate
in the agreement, the longer the time horizon of each country, or the less each country discounts
future payoffs. When it is too costly for countries to contribute, an agreement among contributing
countries does not arise in equilibrium, and the stock of public good remains at its initial stock,

Ky, for all t € [0, 7).

Corollary 1 An agreement among m*(t) < n contributing countries specifying a coefficient of

cooperation ¢ < ¢ does not exist, with

e Trfer—1

= =T
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If T > 1T then ¢ € (0,1], with

1
T:10g< " )
r n—ecr

If T'< T then ¢ > 1 and an agreement among m*(t) < n contributing countries does not exist.

Proof. The inequality ¢ < ¢ in Proposition 1 can be solved for ¢ to get ¢, which reduces to
(cr —1)/(n — 1) as T tends to infinity. If ¢ > ¢ then m*(t) < n; if ¢ = ¢ then m*(t) = n; if
¢ < ¢ then c > % implying that X*(¢) = 0. ¢ is decreasing in 7" and ¢ = 1 at T'. Therefore,
o< (>)lforT>(<)T. m

The above corollary implies that if the time horizon is very short (I' < T) then voluntary
public good provision is not an equilibrium outcome of the game, even if signatories agree to fully

cooperate. In the social optimum, instead, even when the time horizon is very short, it is always

optimal for the social planner to provide the public good.

Corollary 2 A loose cooperative agreement exists for a shorter time than a tight cooperative

agreement.

Proof. Immediate since T is increasing in ¢. ®

An agreement among m*(t) < n contributing countries exists until T. Only when 7" tends to
infinity 7" and T are equal to each other and independent of ¢, otherwise T < T, i.e., there exists
a time interval where countries make no contributions to the public good, with T being lower for
loose cooperative agreements. T can be interpreted as the expected duration of a government. For
instance, a shorter T' can be the result of a more democratic regime where elections are periodic
and occur more frequently than in a less democratic regime. In the extreme case of dictatorship,
T is very long, eventually going to infinity. Under this interpretation, at any given time, countries
with long-lasting welfare-maximizing governments are more likely to contribute to the public good
than countries where governments change over time and have different objectives than welfare

maximization.

Corollary 3 If the time horizon is finite (resp. infinite) then the equilibrium size of the agreement

increases (resp. is constant) over time.

Proof. m* (t) given in Proposition 2 is clearly increasing in ¢ for finite 7', and independent of ¢ for

T—00. &
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The result that participation to an international agreement increases over time is in line with
what has been observed in several real-world situations (e.g. increasing participation to the Euro-
pean Union, which started in the 1950s with six members and nowadays has 27 members; increasing
participation to NATO, which started in 1949 with 12 founding members and, as of today, has 30
members). Indeed, for the case of a finite planning horizon, our model is capable of accounting for

an important well-documented fact about international cooperation.

Corollary 4 The equilibrium size of the agreement is larger for a loose cooperative agreement than

for a tight cooperative agreement.

Proof. Immediate since m* is decreasing in ¢. m

Intuitively, an increase in the coefficient of cooperation increases the likelihood of a positive
contribution (from (12)), thus leading to an increase in the incentive to free ride. The result that
participation to an international agreement is larger for loose cooperative agreements than to tight
cooperative agreements can explain the larger participation to a loose cooperative agreement such
as the Paris Accord than to a tight cooperative agreements such as the Kyoto Protocol.

Loose cooperative agreements are more successful in attracting participation by being less am-
bitious. The logic resembles that behind partial collusion in repeated games: when the critical
discount factor sustaining full collusion is too high compared with the discount factor used by firms
to discount future profits, it is still possible for firms to sustain some degree of cooperation rather
than behaving as Nash players provided that firms’ discount factor is sufficiently high.

In the light of Corollaries 2 and 4, we are in a position to establish a novel trade-off between
agreements that are, using the jargon of the literature on international environmental agreements
(see Harstad 2020b and references therein), narrow-but-deep-and-long-lived vs broad-but-

shallow-and-short-lived.

Proposition 3 A loose cooperative agreement is broad-but-shallow-and-short-lived (i.e. it implies
strong participation but low cooperation and short duration) whereas a tight cooperative agreement
is narrow-but-deep-and-long-lived (i.e. it implies weak participation but high cooperation and long

duration,).

Proposition 3 adds a third dimension, the time dimension, to the classical trade-off between
agreements that are narrow-but-deep vs broad-but-shallow. In our dynamic game, strong participa-

tion has to be weighted against not only low cooperation but also short duration of the agreement.
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We then expect tight cooperative agreements to be welfare-superior to loose cooperative agreements
in a larger subset of parameters than in the case in which both agreements have the same duration,
which is the case in static models.

In the static counterpart of our model, there exists a unique trade-off, that between participation
in the agreement and cooperation in the agreement. In our dynamic model, instead, there are
three trade-offs: (i) a trade-off between participation in the agreement and cooperation in the
agreement; (ii) a trade-off between participation in the agreement and duration of the agreement;
(iii) a trade-off between cooperation in the agreement and duration of the agreement. Compared
with the static literature on narrow-but-deep vs broad-but-shallow agreements, we provide a richer
comparative analysis of international agreements, both positive and normative. Our framework
yields results that are coherent with well-established facts about international cooperation that
cannot be accounted for in static models, such as increasing participation over time, and shed
new light on the social desirability of international cooperation. Which of the two cooperative
agreements, loose or tight, should be favored on welfare grounds? Is efficiency achievable, and, if
so, under what circumstances? We will tackle these questions in the next section.

We now turn our attention to a comparison between the equilibrium of the game and the
social optimum. It can be verified that T<T (with strict inequality if ¢ < 1), since the shadow
price of the public good is higher for the social planner, who fully internalizes the impact that a
country’s contribution has on other countries, than for individual countries, which give more weight
to their own payoff rather than to the payoff of other countries in the agreement. This implies that,
compared with social optimum, there is under-contribution to the public good for all ¢ € [O,f ).
Indeed, there exists a dynamic-free riding problem. Interestingly, for ¢ € [O,f), X*(t) increases
over time, therefore free-riding diminishes over time; for t € (T,T), X* (t) = 0 while X*° (t) = n,
thus free-riding reaches its peak. We can then argue that, provided that ¢ < ¢, free riding is non-
monotone w.r.t. time. If, instead, ¢ > ¢ then free riding will be constant over time (at its peak):
X*(t) = 0 while X*° (t) = n for all t € [0,T). When ¢ = 1, we have T = T, therefore the duration
of the agreement in equilibrium turns out to be socially optimal. Despite this, compared with social
optimum, there is under-contribution. The intuitive explanation is that while the social planner
makes it compulsory for countries to participate in the agreement, in the unregulated scenario,
countries’ participation is voluntary, and there are private incentives for countries to free ride on

the contributions to the public good made by signatories, thus leading to a lower participation than
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that which is socially optimal. As in the case in which ¢ < 1, for ¢t € [0, f}, free riding decreases
over time until reaching zero. For ¢ € (f, T) free-riding is nil. Hence, if ¢ < 1 free-riding will be

always non-increasing over time.

Remark 1 Partial cooperation is responsible for free-riding to be non-monotone with respect to

time.

We conclude this section with the impact of ¢ and r on the equilibrium size of the agreement,
m*. The following comparative statics properties hold: (i) m* is nondecreasing in ¢, either constant,
if dc is such that f(z) remains unchanged, or increasing. Intuitively, an increase in ¢ increases the
incentive to "share the burden", thus leading to bigger participation. (ii) m* is nondecreasing in 7,
either constant, if dr is such that f(x) remains unchanged, or increasing. Intuitively, an increase
in the discount rate decreases the likelihood of a positive contribution (from (12)), thus leading to
a decrease in the incentive to free ride. Note that m* is independent of n if m* < n, otherwise it

is increasing in n.

5 Welfare Analysis

In this section, we compare and contrast loose and tight cooperative agreements in terms of dis-
counted global welfare, and we show that conditions exist under which efficiency can be achieved.
For expository convenience, we focus on the case in which T is infinite. By continuity, the results
for T'— oo extend to the case in which T is very large.

From (6), discounted global welfare turns out to be

W= rnKo—i—(n—cr)m*.

r2

It follows that
oW (er—1)(cr —n)om*

o 7"2q52 0¢

Proposition 4 Let T — oco. Discounted global welfare is higher under a loose than under a tight

cooperative agreement.

Proof. Immediate since m* is decreasing in ¢ (for d¢ sufficiently large) and ¢ € [¢c,¢]. =
Since both II; and II; are increasing in m, loose cooperative agreements are not only welfare-

superior but also Pareto-superior. The fact that W is decreasing in ¢ (unless d¢ is such that m*
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remains unchanged) and the fact that m* = n for ¢ = ¢, with ¢ given in Corollary 1, enable us to

state the following important corollary to Proposition 4.

Corollary 5 Let T — oo. If ¢ = ¢ then m* = n for all t € [0,00). In this case, the equilibrium

size of the agreement and the contributions to the public good are both socially optimal.

When T' — oo (therefore the difference between the durations of the two agreements converges
to zero) discounted global welfare is maximized by setting ¢ = ¢, with ¢ denoting the lower bound
of ¢ for an agreement to exist (see Corollary 1). Any increase in the coefficient of cooperation
above ¢ leads to a reduction in discounted global welfare by reducing the equilibrium number of
contributors and, in turn, the stock of public good. Interestingly, efficiency is achieved despite the
fact that signatory countries do not fully coordinate. ¢ is increasing in ¢ and 7 and decreasing in

n. Not surprisingly, discounted global welfare is increasing in n. As to the impact of ¢, we have

ow _ (n—cr)om* m*

dc  r¢  oc r

Since Om*/dc > 0 and ¢ < n/r (by Assumption A2) a priori, 9W/dc can be either positive or
negative. Counterintuitively, a small increase in ¢ can be welfare-improving because it can lead
to a discrete increase in m* which outweighs the negative direct effect. When instead dc > 0 is

sufficiently large, despite a discrete increase in m*, discounted global welfare decreases.

6 Concluding Remarks

We have proposed and analyzed a n-country continuous-time game of voluntary provision of a global
public good. Our dynamic game consists of a sequence of two-stage games. At each point in time,
each country has two sequential decisions to make: participation in an international agreement
aimed to increase the stock of public good, and contribution to the public good, which depends on
whether a country is in or out of the agreement. In the case in which a country participates in the
agreement, the contribution level is determined by the maximization of a weighted sum of utilities
of all participants, with the weight being specified in the agreement, whereas a non-signatory
country decides how much to contribute to the public good, independently and noncooperatively,
with the aim of maximizing its own utility. The assumption of partial rather than full cooperation

among signatory countries represents one of the main departures from the existing literature on
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coalition formation and international agreements. This seemingly small departure has important
consequences for equilibrium membership and welfare.

Our analysis has shown that a loose cooperative agreement, specifying a low coefficient of
cooperation, is associated with larger participation than a tight cooperative agreement, specifying
a high degree of cooperation. In contrast with the conventional wisdom according to which the
equilibrium coalition size is small and typically inefficient, we have shown that loose cooperative
agreements can lead to an equilibrium coalition size that is large and efficient. In the case of a time
horizon that is sufficiently long, we have shown that discounted global welfare is higher under loose
than under tight cooperative agreements; efficiency is achieved when the coefficient of cooperation
is set at its lower bound. A policy implication of this finding is that insisting on coordination among
voluntary contributors to a public good is generally welfare reducing. In the realm of climate change
policy, for instance, a loose agreement in the style of the Paris Accord is likely to be more successful
than its predecessor, the Kyoto Protocol, which proved to be "too demanding" for countries to join.

A particularly important contribution of our paper is the addition of a third dimension, the
time dimension, to the classical trade-off between agreements that are narrow-but-deep vs broad-
but-shallow. In our dynamic game, strong participation has to be weighted against not only low
cooperation but also short duration of the agreement. This leads to a novel trade off between
agreements that are narrow-but-deep-and-long-lived vs broad-but-shallow-and-short-lived.

In contrast with previous studies on dynamic voluntary provision of public goods (e.g. Battaglini
and Harstad, 2016; Karp and Sakamoto, 2019; Kovac and Schmidt, 2019), we have shown that
relatively small coalitions can become bigger over time, which is in line with what has been observed

in relation to several real-world international agreements such as the EU and NATO.
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